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Question:L: Let ✗
, B be free

, ergodic ,
measure preserving actions

1Fn~{× , µ) and 1Fm~BlX , µ) .

If ✗ i B Produce the same orbits ,
must n=m?

Gabor iau
198
↳ yes !

Question 2 : what about In & 2m ?

Theorem (Dye
' 59 for 2

,
Ornstein -Weiss '80

for amenable) Any two free ergodic , M.p .

actions of amenable groups are orbit

equivalent .
⇒ answer to Q2 is no !

• E a countable Borel equivalence relation

on ( X
, µ )

• E is probabilitymeasurep-reerving.it
for any Borel automorphism 8

that permutes the E-classes , 8 is pmp
* ( A ) ) =m (A)
M
• G is a graphing of E if E- = EG
• T is a treeing of E if T is an acyclic

graphing .



Cost =
"# edges

"

For a Loc . Countable pmpG

costalG) := ÉJIGX 1dm
= SIGI 1dm

Costar (E) a.= in f {Costa /G) : G is a Borel}
graphing

Theorem (Gab oriau
'

98) y

Treeing s achieve cost . -[IT Borel treeing of E
⇒ costal E) = Costa /TI)

(a) T has bounded degree ( ≤ d)

lb) 7 L ,
M > 0 S.t.

Tu di ≤ do ≤ L dt

Euler
"# edges
- # vertices

"

Eulern (G) := costal G)
- M LX )



Pref fix a graphing G of E . Want

to show Costa (G) ≥ Coston LT) .
Assume that :

(a) T has bounded degree ( ≤ d)

lb) 7 L ,
M > 0 S.t.

Tu di ≤ dg ≤ L dt

Idea 1)
" Implement

"
G via edges of T

✗ •-%y % '
• ly ,

∅)

¥
;

•

¥T no §•G '

z w Ez
,
e) CW

,
e)

✗
'
: = ✗ w { IX.e) :X lies on the interior

of the T - path connecting e}
G

'
= = corresponding 1-edges

Euler
"# edges
- # vertices

"

EnteralG) := costal G)
- M LX )

µ
'

/A) := Jlproj- 'win A Idm
✗

☆ µ
'

is still finite : proj (y) =X
→ y ≥ ( Xie )



≤ ef2M possibilities for endpoints

Z ,
€0 -22
'¥ .es

☆ M
' / × = M

Euler
ni
Lo ' ) = Eatery (G)

costmi (G1 ) -µ
' ( X ' ) = Costa (G)

-MLX)

costar LG
' ) = costalG) tm

' /✗ '
IX)

Fix a Borel directing of G ,G→ and

direct G
' accordingly

✗ •-3%y % '
• ly ,

∅)

÷
±

.

.
.

m3 § G
' % '

z w e ;IP&w.es
⇒ each fake vertex has outdeg = 1
& the ontdes of each true vertex
it the same

Costa ( G1 ) = § ,
IGT ' Idn '

= § IGI 1dm
'
+ SIGI 1dm '

✗
' IX

= Costa LG ) + µ
' LX's ×?/



Idea 2 : If CX
,
e) is a fake vertex ,

look at true vertex ( ×
, ∅) :

1- path from ✗ to ✗

He,↓••É¥
'

⇒ must have a back -

• ¥•¥Fo• trading

Y
'

y ✗
2- →Wo z

ez , f) "

folding
"

@

W, h)
mi •-

lwih)
Lz
,
f)

(2-19)

Countably color triples of points to be
folded ( so that if two triples are

distance ≤ dim , get different colors )

§

↑• % :=×
'

Ho :=G1

YMH
,
Hmt , by

•> folding triples of•

Color mi choosing
which vertex survives

so that true vertices
Always survive .



He,↓•¥É
'

ji ↑ !y^÷E¥•
dgillkei.ly , ∅ )) ≤ M

dtlxiy) ≤ M

dg ( × , y) ≤
LM

do , ( × ,y) ≤
LM
2

do , like) , IX. 0)
) ≤ Mt LM

-

after iterating ( ✗ n ,
Gn) ≤ Mt LMZ

many times , ✗ m+zm~=
✗

GM + Lmr
=T

EnteralG) = Eulerm , L G
' )

≥ Evlerm ' ( Gm+Lrt)
= Eulern LT)



Costa 1Gt -×#≥ costalTITH


